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Abstract: In this paper we investigate the perturbation theory of the asymptotically safe
inflation and we find that all modes of gravitational waves perturbation become ghosts in
order to achieve a large enough number of e-folds. Formally we can calculate the power
spectrum of gravitational waves perturbation, but we find that it is negative. It indicates
that there is serious trouble with the asymptotically safe inflation.
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1. Introduction
As a promising quantum theory of gravity, asymptotic safety of gravity was suggested
in [1, 2], and a version of perturbation theory was presented in [3]. Such a theory is
asymptotically safe, which implies that it might be ultraviolet (UV) complete. Recently
ones showed that in the asymptotically safe gravity the renormalization group (RG) flows
has a fixed point with three-dimensional UV critical surface of trajectories attracted to the
fixed point in the UV limit, or equivalently at short distances [4, 5, 6, 7].
Since the asymptotically safe gravity has a brilliant behavior at short distances, it
can be naturally applied to explore the physics in the early universe [8, 9], in particular
inflation [10]. Recently an interesting version of asymptotically safe inflation was proposed
by Weinberg [11] where a de Sitter solution is allowed and the instabilities are also naturally
introduced to terminate inflation once including time dependence in the Hubble parameter.
It is an attractive model in which any inflaton fields are not needed. However, assuming
inflation happened at the UV fixed point, Weinberg found that inflation cannot last enough
number of e-folds in some well-known examples with asymptotic safety. In [12] Tye and
Xu proposed that the asymptotically safe gravity should also reproduce present Newton’s
coupling constant and the cosmological constant driving current cosmic acceleration. In
this scenario, inflation scale should be away from fixed point and enough e-folding number
for inflation can be achieved with some fine-tuning.
As we known, inflation not only is an elegant paradigm for solving several puzzles in
hot big bang model, but also provides a natural explanation to the anisotropies in cosmic
microwave background radiation and formation of large-scale structure in our universe. It
is quite interesting for us to investigate the perturbation theory of the asymptotically safe
inflation in this paper. We find that the asymptotically safe inflation suffers from a serious
problem: the ghosts will make this model unacceptable.
Our paper is organized as follows. In Sec. 2 the asymptotically safe inflation will
be briefly reviewed. The gravitational waves perturbation will be calculated in Sec. 3.
Discussion is contained in Sec. 4. The action for the scalar curvature perturbation is given
in the Appendix.
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2. The dynamics of asymptotically safe inflation
Let’s consider the following action
S = −
∫
d4x
√−g
[
µ2
gN
(2λµ2 −R) + 1
2s
C2 − ω
3s
R2
]
, (2.1)
here µ is the energy scale, gN , λ, ω and s are dimensionless parameters. R is the Ricci
scalar, C is Weyl tensor and C2 = RµνρσRµνρσ − 2RµνRµν + R2/3. s is assumed to be
positive for damping the Euclidean functional integral.
Following [11, 12], the dynamics of inflation govern by the action (2.1) is
− λ
gN
+
3
gN
H2
µ2
+
6ω
s
6H2H˙ − H˙2 + 2HH¨
µ4
= 0. (2.2)
If ω = 0, we can get a de Sitter solution. However, R2 term may introduce an instability
around the de Sitter solution. Similar to [11], an ansatz for H around de Sitter solution is
proposed to be
H(t) = H¯ + δH(t), (2.3)
with δH(t) = ΛeξH¯t and
H¯
µ
=
√
λ
3
. (2.4)
Similar to slow-roll inflation, we also introduce the slow-roll parameters as follows
ǫ = − H˙
H2
, η =
ǫ˙
ǫH
. (2.5)
From Eq. (2.3),
H˙ = ξH¯δH, H¨ = ξ2H¯2δH, (2.6)
and then
ǫ = − H˙
H2
≃ −ξ δH
H¯
, (2.7)
η =
ǫ˙
ǫH
= 2ǫ+
H¨
HH˙
≃ 2ǫ+ ξ. (2.8)
From Eq. (2.7), we find δH = −ǫH¯/ξ, and then
H = (1− ǫ
ξ
)H¯. (2.9)
Requiring |δH/H¯ | ≪ 1 yields ǫ≪ ξ . 1/60, and therefore η ≃ ξ.
On the other hand, from Eqs. (2.2) and (2.3), we obtain
ξ2 + 3ξ +
κ
2ω
= 0, (2.10)
– 2 –
where
κ =
3s
λgN
. (2.11)
If all roots of Eq. (2.10) have Re(ξ) < 0, the inflation govern by the vacuum energy 2λµ4/gN
will last forever. This is not the case we are interested in. We will focus on the case with
root of Eq. (2.10) satisfying Re(ξ) > 0. It represents instabilities of the system, and the
inflation will only last for 1/Re(ξ) e-folds. Eq. (2.10) has two solutions and one of them
satisfies Re(ξ) > 0 if ω < 0, namely
ξ =
√
9− 2κ/ω − 3
2
. (2.12)
If −κ/(2ω)≪ 1, we obtain
ξ ≃ − κ
6ω
, (2.13)
and then the total number of e-folds becomes
Nt ≃ 1
ξ
≃ −6ω
κ
. (2.14)
For getting enough e-folding number, namely Nt & 60, we have κ . −ω/10 which indicates
that κ is one order of magnitude smaller than −ω at least.
In [3] the β functions for s and ω are given by
ds
d ln µ
= − 13.3
(4π)2
s2, (2.15)
dω
d ln µ
= − s
(4π)2
25 + 1098ω + 200ω2
60
, (2.16)
which indicate that s is asymptotically free and ω has a stable fixed point at
ω∗ = −0.0228. (2.17)
At the fixed point with ω = ω∗ and s = 0, the two-dimensional RG flow of gN and λ
becomes [13]
µ
dgN
dµ
= 2gN − γ1g2N +O(g3N ), (2.18)
µ
dλ
dµ
= −2λ+ a1gN + a2gNλ+ a3g2N +O(g2Nλ), (2.19)
where
a1 =
2u∗1
(4π)2
, γ1 = −a2 = 2u
∗
2
(4π)2
, (2.20)
and u∗1 = 1.38, u
∗
2 = 0.73. The solution of the above renormalization group flow is given
by [12]
gN
(4π)2
=
(µ/µ0)
2
1 + u∗2(µ/µ0)
2
, (2.21)
λ =
(µ/µλ)
−4 + u∗1
2(µ/µ0)−2 + 2u
∗
2
, (2.22)
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where µ0 and µλ are free parameters. In the infrared (IR) limit (µ → 0), the Einstein
Hilbert term in the action (2.1) becomes
µ4λ − µ20R
(4π)2
. (2.23)
In [12], both the present Newton’s coupling and cosmological constant were proposed to
be recovered in the IR limit of the asymptotically safe gravity. Comparing to the standard
form Λ− M
2
p
2 R, where Mp is the reduced Planck scale and Λ = 7.45× 10−121M4p is today’s
cosmological constant, we can fix µλ and µ0 to be
µλ ≃ 3× 10−30Mp, (2.24)
and
µ0 =
√
8πMp. (2.25)
In the UV limit (µ≫ µ0 ∼Mp), gN and λ flow to the fixed point with g∗N/(4π)2 = 1/u∗2 =
1.37 and λ∗ = u∗1/(2u
∗
2) = 0.95. Since UV limit corresponds to a very high energy scale, in
[12] inflation is assumed to be away from fixed point, on scales H0 ≪ µ . Mp, where H0
is the today’s Hubble constant. From Eq. (2.22), we obtain
λ ≃ u
∗
1
2
(
µ
µ0
)2
. (2.26)
Considering H/µ ≃
√
λ/3, we get
H ≃
√
u∗1
6
µ2
µ0
, (2.27)
and thus
gN
(4π)2
≃
√
3
4u∗1π
2
H
Mp
, (2.28)
λ ≃
√
3u∗1
16π2
H
Mp
. (2.29)
Therefore we find
κ ≃ 0.52
(
H
Mp
)−2
s, (2.30)
and Nt & 60 requires
s . − ω
5.2
(H/Mp)
2 . (2.31)
For ω = ω∗, s . 4× 10−3 (H/Mp)2. Considering that inflation scale should be much lower
than the Planck scale, s should be very small and a fine-tuning is called for.
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3. Gravitational waves perturbation in asymptotically safe inflation
In this section, we focus on the gravitational waves perturbation. The perturbed metric is
given by
ds2 = a2(τ)
[
−dτ2 + (eh)ijdxidxj
]
, (3.1)
where τ =
∫
dt/a is the conformal time. Up to quadratic order, we have
(eh)ij ≡ δij + hij + 1
2
hikh
k
j , (3.2)
and
(eh)ij ≡ δij − hij + 1
2
hikhjk. (3.3)
Here (eh)ij is just an abstract notation. This approach is equal to the the one simply
writing the tensor perturbation as (δij +hij) in the linear order. The symmetric tensor hij
has six degrees of freedom, but the gravitational waves perturbation is traceless,
δijhij = 0, (3.4)
and transverse
∂ihij = 0. (3.5)
With these four constraints, there remains two physical degrees of freedom, or polarizations.
One can easily find
√−g = a4 and then the dynamics of gravitational waves perturbation
is governed by the action
S =
∫
dτdx3
{(
a2µ2
4gN
+ (2− ǫ)ω
s
H2
)[
h′2ij − (∂lhij)2
]− 1
4s
(
h′′ij −∆hij
)2}
, (3.6)
where ∆ ≡ ∂i∂i, the primes denote the derivatives with respect to the conformal time τ
and H ≡ a′/a. Combining Eqs. (2.25), (2.27) and (2.28), we find µ24gN =
M2p
16 . One can easily
see that the terms with a
2µ2
4gN
and ωs in the above action come from the Einstein Hilbert
term and R2 terms respectively, and the term with 1s comes from the term of C
2. From
the action (3.6), the equation of motion for hij takes the form
a2µ2
gN
[h′′ij + 2Hh′ij −∆hij] + 4(2− ǫ)
ω
s
H2
[
h′′ij + 2H
(
1− ǫ− ǫη
2(2− ǫ)
)
h′ij −∆hij
]
+
1
s
(
∂2τ −∆
)2
hij = 0. (3.7)
Using Eq. (2.9), we obtain
sµ2a2
gNH2 ≃ κ(1 + 2ǫ/ξ), (3.8)
λµ2a2
H2 ≃ 3(1 + 2ǫ/ξ). (3.9)
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Since ǫ ≪ ξ . 1/60, the terms with ǫ can be ignored and then the action in Eq. (3.6)
becomes
S =
∫
dτdx3
{(κ
4
+ 2ω
) H2
s
[
h′2ij − (∂lhij)2
]− 1
4s
(
h′′ij −∆hij
)2}
. (3.10)
Considering 10κ . −ω ≪ 1, the term of κ becomes subdominant and can be neglected in
the case with enough number of e-folds, and then the equation of motion for hij is simplified
to
8ωH2 [h′′ij + 2Hh′ij −∆hij]+ h′′′′ij − 2∆h′′ij +∆2hij = 0. (3.11)
Since there are fourth derivative with respect to the time τ , one more degree of freedom
is expected to appear. In order to make it more clear, we introduce a Lagrange multiplier
λij and consider the following equivalent action
S =
∫
dτdx3
{
2
ω
s
H2 [h′2ij − (∂lhij)2]
− 1
4s
(
Q′ij
2 − 2∂lh′ij∂lh′ij + (∆hij)2
)
− λij(Qij − h′ij)
}
. (3.12)
Here hij and Qij denote the physical degrees of freedom and their conjugate momenta take
the form
πhij =
4ω
s
H2h′ij −
1
s
∆h′ij + λij , (3.13)
πQij = −
1
2s
Q′ij . (3.14)
Considering ω < 0 and s > 0, both hij and Qij are ghost fields. From the above action,
the equations of motion for λij and Qij are given by
Qij = h
′
ij , (3.15)
λij =
1
2s
Q′′ij , (3.16)
and then
πhij =
4ω
s
H2h′ij −
1
s
∆h′ij +
1
2s
h′′′ij , (3.17)
πQij = −
1
2s
h′′ij . (3.18)
Formally we can quantize the field hij(τ,x) as follows
hij(τ,x) =
∫
d3k
(2π)3/2
[ ∑
λ=±2
(
aˆλkh
(1)
k (τ) + bˆ
λ
kh
(2)
k (τ)
)
eij(k, λ)e
ik·x + h.c.
]
, (3.19)
where aˆ and bˆ are two operators which satisfy
[aˆλ1
k1
, aˆλ2†
k2
] = −δλ1λ2δ(3)(k1 − k2), [bˆλ1k1 , bˆ
λ2†
k2
] = −δλ1λ2δ(3)(k1 − k2), (3.20)
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all other commutators vanish, and eij(k, λ = ±2) are two physical time independent po-
larization tensors
eij = eji, eii = 0, kieij = 0. (3.21)
For simplicity, we normalize the tensor eij to be∑
λ=±2
e∗ij(k, λ)eij(k, λ) = 2. (3.22)
Canonical quantization imposes the the following commutation relations
[hij(τ,x1), π
h
ij(τ,x2)] = 2iδ
(3)(x1 − x2), (3.23)
and
[Qij(τ,x1), π
Q
ij (τ,x2)] = 2iδ
(3)(x1 − x2), (3.24)
all other commutators being zero and the factor 2 coming from the fact that both hij and
Qij represent two degrees of freedom. These two commutation relations imply
h
(1)
k
[
(1 +
k2
4ωH2 )h
′(1)∗
k +
1
8ωH2h
′′′(1)∗
k
]
+ h
(2)
k
[
(1 +
k2
4ωH2 )h
′(2)∗
k +
1
8ωH2h
′′′(2)∗
k
]
−c.c. = −i s
4ωH2 , (3.25)
h
′(1)
k h
′′(1)∗
k + h
′(2)
k h
′′(2)∗
k − c.c. = 2si. (3.26)
We need to remind that both mode functions h
(1)
k and h
(2)
k and their complex conjugates
are four independent solutions of the equation of motion for hij in Eq. (3.11) which reads
8ωH2 [h′′ij + 2Hh′ij + k2hij]+ h′′′′ij + 2k2hijh′′ij + k4hij = 0. (3.27)
Similar to [14, 15], the above equation can be factorized as follows
d2
dz2
v
(1)
k +
(
1− 2
z2
)
v
(1)
k = 0, (3.28)
d2
dz2
v
(2)
k +
(
1 +
8ω
z2
)
v
(2)
k = 0, (3.29)
where z = −kτ and v(i)k = h(i)k /z for i = 1, 2. We choose the positive frequency modes
which define a “Bunch-Davies” vacuum state |0〉: aˆk|0〉 = bˆk|0〉 = 0. In the sub-horizon
limit (z → ∞), the equations of motion for v(i)k are reduced to be those in the Minkowski
space-time and thus
v
(1)
k ∼ v(2)k ∼ eiz. (3.30)
Therefore h
(i)
k become
h
(1)
k ∼ h
(2)
k ∼ zeiz . (3.31)
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On the other hand, using Eqs. (3.28) and (3.29), the canonical quantization conditions in
Eqs. (3.25) and (3.26) become
h
(1)
k
dh
(1)∗
k
dz
− c.c = −h(2)k
dh
(2)∗
k
dz
− c.c = i2sz
2
(2 + 8ω)k3
. (3.32)
Therefore, in the sub-horizon limit, we have
h
(1)
k = i
√
s
(2 + 8ω)k3
zeiz, (3.33)
h
(2)
k =
√
s
(2 + 8ω)k3
zeiz. (3.34)
Up to a phase, the solution of h
(i)
k can be written down by
h
(1)
k =
√
s
k3(2 + 8ω)
(1 + iz)eiz , (3.35)
h
(2)
k =
√
s
k3(2 + 8ω)
√
π
2
e
ipiν
2 z
3
2H(1)ν (z) (3.36)
where ν ≡ 12
√
1− 32ω and H(1)ν is the Hankel function of the first kind.
Now we can calculate the power spectrum PT (k, z) of the gravitational waves pertur-
bation which is defined by
〈0|hij(τ ;x1)hij(τ ;x2)|0〉 =
∫
d3k
4πk3
PT (k; z)e
ik·(x1−x2). (3.37)
From the above definition, we have
PT (k; z) = −k
3
π2
(
|h(1)k |2 + |h(2)k |2
)
= − s
2π2(1 + 4ω)
(
1 + z2 +
π
2
z3|e ipiν2 H(1)ν (z)|2
)
, (3.38)
and hence the power spectrum of the gravitational waves perturbation is
PT ≡ PT (k; z → 0) = − s
2π2(1 + 4ω)
. (3.39)
For ω = ω∗ = −0.0228, PT ≃ −0.056s which is negative! It indicates that there is a
serious trouble with the asymptotically safe inflation with enough number of e-folds. More
discussion on it is given in the next section.
4. Discussion
Asymptotically safe inflation is proposed to be a quite attractive inflation model in which
the inflaton is not needed. We clearly point out that the instability can come from the
term of R2 as long as ω < 0 in (2.1). In this case the asymptotically safe inflation can
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naturally end. On the other hand, in order to achieve a large number of e-folds, κ has to
be one order of magnitude smaller than −ω at least.
We also study the gravitational waves perturbation in the asymptotically safe inflation
in detail. Considering κ . −ω/10, we find that the contribution to the action of hij
from the term of R2 is much larger than that from the Einstein Hilbert term. Since
ω < 0, all perturbation modes of gravitational waves become ghosts! It indicates that the
asymptotically safe inflation breaks the unitarity. On the other hand, let’s re-consider the
action in (3.10) and the coefficient
(
κ
4 + 2ω
)
H2
s can be interpreted as the effective coupling
constant of graviton, namely
1
Geff
= 32π (κ+ 8ω)
H2
s
. (4.1)
In the limit of ω → 0, Geff is nothing but the Newton’s coupling constant GN = 1/(8πM2p ).
During inflation, κ . −ω/10 and then Geff < 0. However, in the IR limit, Einstein gravity
should be recovered and hence Geff > 0. The flow of Geff in the asymptotically safe inflation
can be illustrated in Fig. 1. Between UV and IR, the effective coupling constant Geff must
1/G
N
1/G
eff
energy scale
IR
asymptotically safe inflation
strong coupled region
0
Figure 1: The flow of Geff .
go to infinity around some energy scale and the theory becomes strong coupled theory. It
implies that such an asymptotically safe gravity cannot explain the physics from UV to IR.
In a word, the maliciousness of ghosts emerging at the perturbed level breaks the beauty
of asymptotically safe inflation and makes it unacceptable.
We also compute the action for the scalar curvature perturbation in the Longitudinal
gauge. See the appendix A. We find that ghosts emerge as well. One possible extension
to the asymptotically safe inflation in this paper is to consider the higher order curvature
terms, such as R3 and so on. It will be interesting to investigate the RG flow for such
– 9 –
an extension. Another possibility is to involve a suitable scale field φ which can keep the
asymptotic safety. These possible extensions will be left for the future.
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A. Appendix
We start with a general scalar perturbed metric about the flat FRW background as follows
ds2 = − (1 + α) dt2 − 2a (t) ∂iβdtdxi + a2 (t) (δij + 2ζδij + 2∂i∂jγ) . (A.1)
The gauge transformations are:
αˆ = α− δ˙t, (A.2)
βˆ = β − a−1δt+ a ˙δx, (A.3)
ζˆ = ζ −Hδt, (A.4)
γˆ = γ − δx. (A.5)
In this paper we will work on the Longitudinal gauge which corresponds to the gauge choice
βˆ = 0 and γˆ = 0 by setting the δt = a (β + aγ˙) and δx = γ. In this gauge, the line element
becomes
ds2 = a2(τ)
[−(1 + 2α)dτ2 + (1 + 2ζ)δijdxidxj] , (A.6)
where we omitted the hat for perturbed quantities and τ is conformal time which is related
to time t by
dτ =
dt
a
. (A.7)
The equations of motion for α and ζ are governed by the action in Eq. (2.1). In the
Longitudinal gauge, after a lengthy but straightforward calculation, we obtain the action
for perturbations as follows
S = S1 + S2 + S3, (A.8)
where
S1 = −1
2
∫
dτd3x
µ2a2
gN
[
2H2
(
−λµ
2a2
H2 + 9
)
α2 + 12H2
(
λµ2a2
H2 − 3
)
αζ
+6H2
(
λµ2a2
H2 − 3 + 2ǫ
)
ζ2 − 24Hαζ ′ + 4 (3ζ ′2 + 2α∆ζ + ζ∆ζ)] , (A.9)
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S2 = −1
2
∫
dτd3x
4
3s
[
(∆α)2 − 2∆α∆ζ + (∆ζ)2] , (A.10)
and
S3 = −1
2
∫
dτd3x
ω
s
{12H4 [5(−6ǫ+ 3ǫ2 − 2ǫη)α2 + 6(6ǫ− 3ǫ2 + 2ǫη)αζ
+(18ǫ− 33ǫ2 + 12ǫ3 + 12ǫη − 10ǫ2η + 2ǫη2)ζ2]+ 144H3(4ǫ− 2ǫ2 + ǫη)αζ ′
+H2 [−24α′2 − 48(1− 2ǫ)α′ζ ′ − 24(2 + 5ǫ)ζ ′2
−32(2 − ǫ)α∆α − 32(2− ǫ)α∆ζ + 16(2 − ǫ)ζ∆ζ]
+16H (3α′ζ ′′ − α′∆α− 2α′∆ζ + 3ζ ′∆α+ 6ζ ′∆ζ)
−24ζ ′′2 + 16α′′∆ζ + 32ζ ′′∆ζ − 8
3
(∆α)2 − 32
3
∆α∆ζ − 32
3
(∆ζ)2}, (A.11)
From the above action, the equations of motion for α and ζ become
sµ2a2
gNH2
[
1
2
(
λµ2a2
H2 − 9
)
α− 3
2
(
λµ2a2
H2 − 3
)
ζ +
3
Hζ
′ − 1H2∆ζ
]
− 1
3H4∆
2α+
1
3H4∆
2ζ
+ω
[
90ǫα − 54ǫζ − 12H (1− ǫ)α
′ − 12H (1 + 3ǫ)ζ
′ − 6H2α
′′ +
6
H2 ζ
′′ +
2
H2 (7− 3ǫ)∆α
+
4
H2∆ζ +
6
H3 ζ
′′′ − 10H3∆ζ
′ − 2H4∆ζ
′′ +
2
3H4∆
2α+
4
3H4∆
2ζ +O(ǫ2, ǫη, · · · )
]
= 0,
(A.12)
and
sµ2a2
gNH2
[
3
2
(
−λµ
2a2
H2 − 3 + 2ǫ
)
α+
3
2
(
−λµ
2a2
H2 + 3− 2ǫ
)
ζ − 3Hα
′ +
6
Hζ
′ +
3
H2 ζ
′′
− 1H2∆α−
1
H2∆ζ
]
+
1
3H4∆
2α− 1
3H4∆
2ζ
+ω
[
162ǫα − 54ǫζ − 12H (2− 11ǫ)α
′ − 12H (2 + 3ǫ)ζ
′ − 6H2 (3− 4ǫ)α
′′ − 6H2 (2 + 5ǫ) ζ
′′
+
2
H2 (7− 5ǫ)∆α+
4
H2 (1− 2ǫ)∆ζ +
10
H3∆α
′ − 6H3α
′′′ +
6
H4 ζ
′′′′ − 2H4∆α
′′ − 8H4∆ζ
′′
+
4
3H4∆
2α+
8
3H4∆
2ζ +O(ǫ2, ǫη, · · · )
]
= 0. (A.13)
Similar to Sec. 3, ignoring the terms with ǫ and κ, the action for α and ζ becomes
S = −1
2
∫
dτd3x
{
µ2a2
gN
[
12H2α2 − 24Hαζ ′ + 4 (3ζ ′2 + 2α∆ζ + ζ∆ζ)]
+
4
3s
[
(∆α)2 − 2∆α∆ζ + (∆ζ)2]
+
ω
s
[H2 (−24α′2 − 48α′ζ ′ − 48ζ ′2 − 64α∆α− 64α∆ζ + 32ζ∆ζ)
+16H (3α′ζ ′′ − α′∆α− 2α′∆ζ + 3ζ ′∆α+ 6ζ ′∆ζ)
−24ζ ′′2 + 16α′′∆ζ + 32ζ ′′∆ζ − 8
3
(∆α)2 − 32
3
∆α∆ζ − 32
3
(∆ζ)2]
}
, (A.14)
We see that ghosts also emerge in the above action.
– 11 –
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